9 


wy 


REMENTS FOR ANUSCRIPTS 


s and discussions of current ¢ papers ‘should be submitted to the 


‘ae of Technical Publications, ASCE . Authors should indicate the technical 

_ division to which the paper ‘should be referred. _ The final date. on which a 1 dis- 
- cussion should reach the Society is given as a footnote with each paper. Those 
ai who are planning to submit material will expedite the review and ‘publication 

‘procedures with he 1e following basic requirements: 

a leng th not exceeding 50 character 


mm oe : he manuscript (a ribbon copy and two copies) should be double-s 


on one side. of 8'4-in. by Alin. paper. Papers that were originally y prepared for 


oral presentation must be rewritten into the third person before being submitted. 

6.) “The author’ s full name, Society ‘membership grade, and footnote reference 


“ Mathematics are reproduced directly from the copy that is: submitted. 
‘th Because of this, it is ; necessary | that capital letters be drawn, in black ink, Yin. — 
high (with all other symbols and characters in the proportions dictated by _ 
‘ S standard drafting practice) and that no line of mathematics be longer than 6//2-in 
Ribbon | copies e used th 


smaller on the printed version. 
6 


Illustrations should be in on one side of 81/y-in. by Ll-in 
paper within an invisible frame that Measures ‘in. by 10¥2-in.; the caption 
should also be included within the frame. . Because illustrations “will be educed 
2 69% of the original size, the capital letters should be %- in. high. nr trae e 


at 


18,000 words. As an approximation, full typed text, 


Repri s from this Journal may be sie: ci 
the” paper, name of author, reference (or paper date of 
by the Society are given. ‘Society is not for an 
OF opinion expressed in in its publications. 


Editorial and General Offices are at 33 West 39 Street, ‘New York ry emg York. 
00 of a member's dues es are applied as a subscription to his. 
7 postage paid at Ann n Arbor, Michigan. 


This Journal represents an effort by the Society to deliver information to the 
reader with the greatest possible speed. To this end the material herein has | 
™ none of the usual « —— 
A Stating present emplioymen Snoula appear on rs page aper 
: 
a i in this frame. Opecific reference and explanation should De made in the text BS 
tm 
made within the text for cach illustration. 

— 

tained in t © Technical Pu ications Mian which can be obtained | rom 
Journal is published monthly by the American Society of Civil 
— 


STRUCTURAL DIVISION 


Proceedings of the American Society of Civil Engineers 


S. Vincent, Chairman; Elmer K. Vice- Chairman; 
Robert D. Dewell; Emerson J Ruble; Charles T. G. 
COMMITTEE ON PUBLICATIONS 


“alfred L. Parme; Philip Upp; Halstead N. i. Wilcox 
June, 1959 


— Papers 


nalysis of Haunched | Octagonal Gir Girder Space Frames =a 


a Corre 1959 by the American Society of Civil Engineers. € 


Lr 
— 
— — 
tz 
— 
i iia 
— 


fig 


4 


STRUCTURAL DIVISION 


of the American Society we ‘Civil 


ee OF HAUNCHED OCTAGONAL GIRDER SPACE FRAMES | 


Y. W. Tsuil A.M, ASCE 


gi girder space frames is presented. The procedure is established, es- 
sentially, through generalization of the slope- -deflection method. Asetof 
tables and curves for frame constants introduced in this paper may be used = Lat = 
to simplify, to a certain extent, actual design computations. The critical wind | 7 
directions which | may govern the design of members are included in this 
analysis, 
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rectangular coordinates 
= transformed rectangular coordinate 
= = relative translation between the ends of member in the 
absolute translation at end A of member in the — 


direction of X-axis 
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Stress analyses of horisontally carved beams and have 
‘been studied and discussed in the past to a limited extent. (1,9, 10) However, 


frames which have been considered so far are limited to prismatic girder a 


~ and column sections. In cases where loadings are too heavy, or where a 
saving in materials it is required, the use of the constant section girder is 
undesirable, and the substitution of the haunched girder (Fig. 1) in the design 
is justified. Because of the peculiar response of this type of frame caused _ 
by wind or ‘Similar lateral loads, it is difficult to visualize e easily the critical ; 


direction ¢ or a load from ‘which governing design c criteria can an then be 


> The frames under consideration are statically indeterminate to ‘aia 
degrees for arbitrarily applied forces. However, if the loads are transmitted 
to the frame symmetrically or anti- symmetrically (Fig. 1), the number of | 
redundancies is greatly reduced. Even then, difficulties in analysis arise 7" 


" from the effects | of of haunching and the “curvature” of the girder. ner 
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columns and horizontally curved girder, an analytic procedure can be set Ee : 
up by adapting the classical slope - deflection concept. For the columns, the ; 
‘slope- -deflection equations for straight members may be used; (2) for the a 
; curved girder, similar expressions for rotations and translations at the ends end 
“of th the member can be derived. These expressions will be referred to as a ita 
generalized slope - -deflection equations. ‘The unknown deformations and cor- 
stresses may be from the equilibrium conditions of 
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a ‘century ago, St.  Venant(3) | established ; an an approximate ‘value of 


44 Later, St. _ Venant(4) developed the expression for torsional constant in 
form, which may be represented in terms of functions as 


Of the four exp enecan above, it is believed that Equation (2) is exact, while © 
. Equations (la) and (3) give respectively higher and lower values for sections | 
_ with shape factors (4s/b) up to about 3.5. Unfortunately, the form of 
Equation (2) is too cumbersome for | practical application. The following ex- 
pression is chosen because it gives values closer to the exact expression, and 
ina form which can be more easily u utilized =: determination of frame 


"constants. 
= 0.29 b3he / / 
- Figure 2 compares Equations (1a) through (4). Han 
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i. Assumptions and Limitations: 


It is assumed that the is and 1 


a elastic. All strains and stresses considered are assumed to be within 


i. 
‘The center of rotation of the section yn of the haunched girder 


is assumed to be located at the centroid of the section, ye 
locus of which lies in a horizontal plane, 


Torsion is is uniform, Le., longitudinal w warping is negligible. 
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3 Leaving aside the representation of moment, torsion, and ear diagrams, | 
_ which will be explained later, we will aanign a right- “hand- rule sign con- — 


vention for both moments and rotations, ‘Figure 3 shows these 
on as well as the : signs for both horizontal and vertical translations and cob 


the vertical forces © shows the force acting upward or toward the ob- 
server, shows the force acting or away from the observer. 


a “curved” ‘member (Fig. 4) is upon by y external loads, 
if deformations have taken place, the resulting moments and forces at 
the ends may be expressed as functions of the external loads, defor mations, 
and properties of the member. Since the applied loads, as well as rotations 
and translations of the member, may always be resolved into principal com- hy 
ponents, two uncoupled sets of equations | may | be which hare 
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and sufficient to prescribe all strains and stresses together. 
: By the method of virtual work, (6) and by following ‘steps ; similar to those 

for deriving the equations for straight members, (7) 
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‘Big. Fixed End Forces - -Haunch Loads 


tes 3 FE fan 
‘Table II shows the the frame 


haunch ratios (r) of the basic member. Values of fixed-end forces for the 


Using Using the or slope- -deflection fer. the and Equa- 
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frames ‘supporting tall towers, such as that shown in Fig. 1, may ree: made in 5. 

For uniformly distributed vertical dead and live loads (Fig. 11). ‘The 


equilibrium for any joint, joint A, for example, are "4 


After substituting the appropriate expressions, (17) and (18) yield 
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Equations (19) and (20) will give the correct solution for the unknown slope 
and deflection and hence for the desired stresses. If AXA, us 


EL 2K tke 

= _ Equation (21) then gives the simplified solution for ‘this loading. oe ae 
= 2. For triangularly distributed haunch loads (Fig. 12). " Since the response of 
- frame due to this loading is similar to that for case 1, Equations (19) and 

(20), or (21) alone, may be sities as long | asa ere fixed- sad oc moment is 


Ez equations may be obtained from the equilibrium conditions for 
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Equations (29), (33), and (34) then the solution for the 
_ knowns and the corresponding stresses. 


ssume a reinforced concrete with column bases fixed, as shown 


Fig. 


uniformly distributed along 
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Following the analytical procedure, | r= total stress at any point on the © 
frame may be obtained by summing, we be moe to the fol - ; 
lowin loads acting independently: 


Uniformly distributed vertical live ona dead loads 


+ 3. 5x3. 5x0.15 94 (Fig. 11): 
from TableI, C32, 
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Frame Deflection Plane) Due to Moment Load 


ds = 0.92 kip/ft. (Fig. 12). 


For ro 5: From Fig. 6, F.E. = -0. 11180 v w 
to coordinates X and the values of the above 


RE. MY, - 09 ft -kips and F.E.M* 23 ft-kips 
quation (21) then yields By = 0. 33/E and reactions arc are: 


For girder AB: MY, = -0. -0.04 ft-kip and M 
Similarly, reactions and moments = ‘Points on the frame may be 


| 3a. ea of lateral wind load a acting parallel to the X = Pp 


= El,/GJo = 2A = 1. 3225 


From Table I: 0.40081; 
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Substituting the satnaiala constants and forces into Equations (22), 20, and 
(28), the values are obtaine 


= = A, = £ 


-128, 0 ft- and 


114.5 ft- and M 64.0 ft- ipa 
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reactions and moments at other points on the fri frame 


7 3b. on ee of lateral wind load acting parallel tc to the Y- ~axi ; 
sp = 0. 95 kip/ft: 
a Ae By noting that the sign of p is reversed, stresses at various points on the " 


frame for this component may be ‘evaluated from the results obtained labove. 

4a, of moment load acting about the Y-axis M'cos 


The ‘magnitude of equivalent -symmetrical vertical load Ws at a distance 
“a” from the Y-axis this (Fig. 14) may be 
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By = 0.62/E and 6,=15.88/E; 
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For column Al = -13.51 and 1 = 
For column B Mppi 
AB: 123.80 -kips and ft- ‘Kips 


Similarly, the react reactions and n moments at other points on ae may be 


4b. Component o of n moment load = M'! 
Similar to case 3b, all reactions and moments for this ili may =e ob-_ 
tained from the results achieved in case 4a above. Finally, the total shears a 
and moments are algebraically ; “summed. ” Table Ill and Fig. 16 (solid lines) 
show respectively the values of total moment, torsion, and vertical shear, — 
and their corresponding diagrams -halt of girder, using 
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_ convention is used for moments, i.e. » negative when they cause ten- 


__ Torsions are positive for a clockwise rotation of the section when looking 
Vertical shears are positive when thiey are directed upward. Since the 
om vertical deflection at the mid-span of the girder members due to static te 
may govern the serviceability of the frame, it is often desirable to evaluate ~ 
_ its numerical value . With the aid of the data | given in the appendix, the de- 


flection at pois * 2” for the given vertical load and the computed 


ment at the mid-points of the girder may be computed as follows: five: 


‘Here 94 ¢kips/ft and = 0. 92 


c/b = 1 and r = 0.5; fom 1 Table V -0. 0228 


from Fig. A- 2, -0. 9542 


ng E« 6 = . 


= 0,087 in 


of Frame I 


a comparison between the results derived for a frame 


te a prismatic frame, an analysis has also been carried out for Frame a 
(Fig. 17). "The prismatic girder section of Frame II has the same area as 4 
"the maximum girder section of Frame I. The loading that was applied to 
‘Frame I is also applied to Frame IL. 

Following the same ‘procedure as that used for Frame I, using the appro a q 
“priate frame constants and fixed-end forces corresponding to the shape fac- 
tor (hc/b = 1.5, and haunch ratio (r) = 0 in this case, , the final shears and 

moments are then computed. Table IV shows the final numerical values so . 
Sa the corresponding diagrams are plotted in Fig. 16 (dotted lines). Bec -t 
The maximum vertical deflection at mid-span of the girder members due to 


stati loads amounts to 058 inch. The results from the — of 
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iia this comparison it 1 ‘may be concluded that the 25% material saving 4 
the girder of Frame II resulted in a 50% i increase in deflection, while the et 


a better appearance at lower cost. 
$tress Variations for Different Wind Directions 


In the foregoing stress analyses, an arbitrary direction was assumed t 

_ exist for wind and its associated moment load. For the governing design a. 

_the frame, however, an understanding of the critical direction which pro- i 
duces ‘maximum stress response of the members is essential. A study has a 
_ been made to ascertain the stress variations versus variations in wind ivet= 

tion for frames with: (1) bending stiffness of column, (2) bending stiffness ¢ of 
- girder and GB) torsional stiffness of girder approximately in the ratio of er 
1: 1/2. ‘Using the X-axis as the reference direction fo for wind (Fig. 18), the. 


results of this investigation are summarized below: 
58 .* Stress variations due to lateral wind load only: pn. 


a. Stress in the girder members: 


the wind is acting at 45°, maximum ber ding moment, torsion, 
ae and vertical shear occur simultaneously at the ends of the side mem-— 
oe bers whose middle segment is parallel to the direction of wind, where- | 


the stresses at the supports of both windward and leeward members ‘i 


os are reduced to a minimum. Maximum bending at mid-span of the lat- 
ter members, however, occurs approximately at an angle p= 30° 
Figures 19 and and 20 : show the variations. 
There are two wind positions equal stress in 


3 the columns, namely, p= =450 and 26°, 9: = 45° gives maximum combined — 
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_ Stress due mainly to the bending in both horizontal axes. Hence itis alsothe _ 
- governing angle for the design of columns. ¢ = 26°, on the other hand, eo a 
i duces the average response of the frame as a 21 ws the 


general characteristics of the variations, 
_ 2, Stress variations due to win 


Both maximum e supports of the girder 


_ TABLE IV - SUMMARY OF STRESSES IN II 
Vertical] Wind Moment | Total | Remarks 
3-2 25612 50.1 
| 20-34 | | -20. 
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Ports and maximum bending at mid-span are both given by @= 45°. 
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‘Since the bending and shear stresses are uounity small in the columns, 
a 5 because of this particular | loading, the direct ‘stress alone dominates i° 
response. Maximum uplift or or compression occurs in the front and 
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Evaluation n of Deflection at Mid- ~Span of 


The vertical ‘deflection at the center ots any | due 
to the haunch load (wo ), , uniformly distributed vertical load (wy), and the in- 
duced moment (Mp) can be expressed terms of of the applied loads and i 


_ Properties | of the girder as follows (Fig. . 1}: aS 
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i “9 ‘Equation (A.1) is perfectly general for the basic member ¢ of any ——— 
girder frame. If the shape of the girder is “oe? then @ = 45°, Using 
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Deflection Coefficient Due to Vertical Load (Cont. 
Values of for various haunch ratios are listed in Table V, while 
values of A44 and M5 for different haunch ratios and the shape factors aa 
the girder are respectively shown in Figs. A.2 and A.3. By means of this 
table and the accompanying figures, thout difficulty. deflection for the 
octagonal girder can be evaluated without et 2S aie 
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re by Panagiotis 


D. ASCE. —Mr. Plaehn is of the opinion that 
the method of calculating any section of a reinforced concrete member ofa 
structure as explained in Proceedings Paper 1509, is a difficult one. Mr. _ - 
Plaehn bases this opinion mainly on the use of the factors which he considers 
difficult to understand and cmenney the designer runs the risk c of mis- es “es 
interpretation on application. He furthermore suggests that such problems be - ‘ 
solved step by step instead of using formulas containing various factors. | 4 
4 Perhaps } Mr. Plaehn did not have clear in his mind the role of each factor ns ~~ q 
and therefore considers them to be difficult to understand. . The role of each. a 
factor is clear and is not subject to any misunderstanding or misinterpre- 


J _ There are basically 4 factors in the writer’s study i.e. p, p', Kj, Kp. The © 
| factors p and p' depend on the distribution of the tensile and compression rein- J 
forcement in the reinforced concrete section under consideration. Factor al 


determines the influence of the shape of the compressed part of the section - 


Ko also determines the influence of the compressed part of the aie Ang of the 

concrete on the determination of the point of application of the force Bete. * . 
‘Finally the factors p, gf, , Ky and Ko influence the first member of the 

cima which expresses the balance of the moments of the forces which :. : 

on the section thus determining the auxiliary moments My and Mj, and the 

designation of the equivalent n moment M; which acts on the section of —"* beg tt 

concrete member. _ They also participate in the second member of the general ye 

equation for calculating rectangular sections, for the determination of the — 

tensile and compressive | reinforcement of the section considered. | ae es 
The writer is of the o opinion that for certain types s of sections the sii 

tables in conjunction with the corresponding basic tables of calculation of 

rectangular sections, will facilitate design an and will | save ‘repeat 


Proc. ry, 1958, , by Panagiotis Moliotis. 
t., National Technical Univ., ~ Athens, Greece. 
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ARTHQUAKE DESIGN CRITERIA FOR vines ‘LIKE STRUCTURES* 


i JOHN E. RINNE,! M. ASCE.—The additional detail and background of the © 


response of simple one-mass ‘Structures: given by Mr. ‘Housner is is agprecimes. 
he points out, the ‘spectral responses of acceleration, velocity, and dis- 
placement are interrelated. Any one of these defines the elastic response 

one- mass system of constant | natural period. in a major earth 


Thay to change as much asa building period in the same earthquake. ‘This is: 

_ mentioned only to emphasize that the response spectra for idealized one- -mas = | 
_ Structures should not be accepted quantitatively without considerable reser- _ 
vations. - Qualitatively, however, it is important to know that the characteristic 
i shapes of the response curves are given by Mr. Housner’s s Figs. 1 and 2, le 4 
and acceleration spectra, respectively, 

‘The us use of the velocity spectrum is particularly useful in the energy ap- PO 
_ proach to the stresses induced in the structure. . The big advantage in the , co 
energy method is that recognition can be given to the big energy absorption in 
the non-linear deformations, or the plastic range of the materials. But it 
should be kept in mind that the spectra, o on the assumptions on which they are 
developed, are basically elastic responses. _ The assignment of large velocity 
damping factors, like 20% of critical damping, is not really consistent with — exit 
the behavior of structures nor of the materials of which they y are made. Ju- 
diciously selected, the damping factor might give an over-simplified but right- | 
order- of- magnitude response of a given structure. But let us” not get trapped 


very precisely, that this same precision and quantitative results apply equally 
well to real structures involving quite different conditions. _ This is not to be- 
little the : spectrum analyses, which the writer is the first to acknowledge has 7 
become a most useful tool in the analysis of earthquake Sey OT ee 5 
‘The response ofa distributed- -mass | structure, ‘such as a stack, involves 
the superimposed | responses of the different modes in which the structure can 3 
vibrate. By representing each of these modes by an equivalent one-mass |] 
system, the spectra can apply to each mode. _ The re relative modal responses in 
) shear and moment were obtained in the writer’ ’s paper, and the design criteria 
+ were established as the sum of these modal responses. Hence, it is not to be 
expected that combined modal response criteria would follow the spectrum oats ; 
which represents the » response | ofa ‘single one- -mass system. "Perhaps with 
Proc. Paper 1696 , July, 1958, by John E. Rinne. 
ry Civ. and Structural Engr., 
— 


— 
nen if 
| 
| 


the aid of electronic computers analyses of combined responses can be made 
‘to test the validity of adding the modal responses. It is recognized that the - 
ey ‘peak, or - spectral responses in the significant modes do not necessarily occur 
- at the same instant. Nevertheless, it is believed that this assumption provides 
; reasonable criteria for design. Perhaps Mr. Housner’s curve A (his Figs. 3 
a and 4) does represent a better design criterion, but the writer has consider- 
able doubt that it takes care of the combined modal responses adequately. _ 
Further analyses seem to be needed. 
_ Mr. Housner also makes reference to the experience with stack- -like [ 
_ structures in the 1952 Arvin-Tehachapi (Kern County, California) earthquake. 
A number of vertical stack- “like vessels crn their anchor bolts and some 
was associated with the detail of the 


; zontal ring plate around the vessel in the plane of the top of the anchor bolts. 
The writer recommends such ring plates and anchor bolts with sufficient pro- 
jection out of the foundation so they can yield and absorb significant energy if 
need be. Ina structure of this type, it is much more tolerable to accept ane 

ing of the anchor bolts, with the energy absorption and damping attendant ‘ee 

- therete, than to hazard a buckling of the shell or skirt of the vessel. An in- 
herent and desirable “weakness” is built into the structure , selectively per- 
mitting yielding where it is not harmful. In earthquake-resistive design, it is 

i a preferable to permit overstress and yielding in desirable spots rather than to 
attempt to build a “one-horse shay” that will fail in all its parts. There 
seems to be an implication of the latter philosophy in Mr. Housner’s opening 

4 “All parts of a structure should have essentially the same factor — 

of safety. ” For stack-like structures, as well as many others, this philosophy 


of — is to this writer. 


notes that Mr. r also comments on the omission of back- 

pre material, some of which Mr. Housner has kindly supplied. Much of the 
_ background h: has been published, in ASCE proceedings cen very nde It ag 
- not considered essential to repeat what has already been very rere, 

documented in the literature of the 

Degenkolb makes a a point ‘that ¢ the criteria proposed, involving higher- 


ae stresses instead of one- -third as has neh customary, would probably not 
be acceptable for building codes. The writer concedes this point but hastens 
to add that the best t design practices are ‘not it necessarily reflected in our 
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 BIAXIALLY LOADED REINFORCED CONCRETE COLUMNS® 


—Biaxially loaded occurin 


innal every y reinforced concrete frame, and it is essential that some method 
| _ of designing these members should be available. The authors are to be con-_ 


‘ae gratulated upon their effort to produce | a completely general method of analy- 


sis, even if the actual application appears to be unsuitable for practical design — 
i _ ‘purposes. One mild criticism of the paper concerns the statement that stress 
. _ distributions can be predicted; since the form of the stress block in bending = 
and compression cannot be defined with any accuracy— —and indeed it is difficult © 
to see that it can ever be so defined, for stresses are ‘not measurable quanti- — 
pris no accurate determination of stresses can be obtained from “aie 
= strains. It is precisely this s difficulty which has led * the adoption 


y Few examples of the analysis 0 of biaxially loaded columns are available, but 


Soncnhll ‘it is ‘noteworthy that the column sections chosen in these cases have a nearly | 


0 a a” equal amount of steel in each face. This is an understandable and economic a 
* > | ‘such as most practical designers would adopt. This fact may be used 


_ The writer has produced a method of designing such « columns; the design 1 
can be carried out with almost complete accuracy in a matter of minutes. 7 y 
ss The approach is fundamentally different from that first outlined by ' = 


> 
and Cohen, (1) systematised by Au, (2) = 
ely 
L 


its to the column section ‘analysed in the paper. 
ae __ The method involves the consideration of the interaction surface which son 
nigher- _ would be formed t by plotting in three- -dimensional form the curves of f failure — a 
against corresponding moment for all possible axes of the column. 
though the actual surface could only be obtained with extreme difficulty, its 

_ fundamental nature is such that certain operations may legitimately be per- " : 

_ formed upon it. ‘There is a whole family of such surfaces for a section vary a 7 
4 ing in breadth- -to-depth ratio only, and the writer has demonstrated that a 
these surfaces can be telescoped into one. _ There is a further family of such 
= surfaces for varying steel cover ratios, and these in their turn can 


also be reduced to one ‘surface. 


ably not 
1astens 


cann now be transformed and rectified until it closely coincides with the surface 


: of revolution formed by rotating the major Y-axis interaction curve through — 


360°. The transformed surface can then be defined by one curve, and this _ a 


mh 


Proc. Paper 1865, December, 1958 , by Tung Au and ‘Algis Pabarcius. 
Lecturer, Dept. ‘of Structural Eng., of Science and 
Manchester, England. 
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in curve, reduced to non- -dimensional form, can then be used to predict the = 
failure load for any rectangular column with an 1 equal and uniformly distribut- 
ed area of steel in each face, having any practical breadth-to- depth ratio ee 
cover-to- ~depth ratio, and loaded with any combination and eccentricity of 
loads. The curve of ‘course related to one particular steel ratio; it has un- 
- fortunately been found impracticable to telescope all steel ratios into ce 


: _ The design c curve is therefore the one for bending about : a major axis. AL 


adopted by the one to per cent of steel is given 
«Fig. i - definite ultimate concrete e stress has been adopted fo for simplicity i 
comparison, although the curves may ay readily be prepared in more general hs 


form. A Whitney stress block was used in deriving the equations, and al 


FM 


gu Mx 

the. components on the X and Y axes 
ofthe actual radial moment, and 


is the of the when 


the failure load acts in the planes of the Y a and Xx axes 


a factor adjusting for steel cover r ratio, obtained 


curve is based, when failure load in 


case acts inthe Y axis plane. 


fe is a deviation factor for the Mabie of maximum devi- | 
ation of the actual interaction surface from the ideal- 
ized des sign surface, and which can be | 


cally, 


is an empirical a for the shape of the devi- | 


He as the moment to be used in conjunction 1 with the e re- a a 
pa ee: quired failure load P to check the section on the design 


Values of N, F, and ¢ can be obtained and plotted asin Fig. 2, 


The accuracy of the method has been investigated by means of a large uaa 
‘number of case- analyses. * Defining the ‘problem as being to find the load which 


will bring the column to the point of failure when applied at a given radial ec- a 


cent city, the standard has been taken as the ratio BE in which 
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rived from a analysi 
= the 127 non-dimensional cases 's analysed, to the ‘ania 1% 82 had no a 
significant error, 35 had a 1% error, 8 a 3% error, and 1 a 3% error. The 
cases cover all possible ranges of position of the neutral axis. ea “+ 
Pl ‘It was found that for columns with twelve or more bars the steel distri- 
ere may be taken to be in the form of a steel ring without significant ae 7? 
For eight or four bar columns special curves patterns — 
i Turning to the column section analysed | in the paper, the calculations neces- 
to check the section are given in Fig. 3; the section calculated by Au is 
‘The resulting moments Mg are plotted in Fig. 1. The prediction given in K.. 
the first example is some 0, 5% in error because the steel is not quite equally — 
distributed in the four faces, as has been assumed in constructing the design 
curve; this error is about a quarter of that which would be induced by — r 


4 ing the area of concrete displaced by compression steed. In the sec second 
| ample the steel distribution is even further from that assumed, causing an 
error of about 2%, which in this case is about equal to the error induced by 


is from a thesis to b be subr submitted in May, 1959. 
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DIRECT DESIGN OF OPTIMUM INDETERMINATE ‘TRUSSES? 


car 


is always interesting to how are the 
courses pursued by two research workers proceeding independently from the 
game point. The basic concept on which Mr. Laushey’s paper is built is identi- 
om with that stated by me in two papers a few years ago; ;(1,2) but his develop- __ 
ment differs considerably from mine, and our work is really complementary. a7 
oly Mr. Laushey’ 7 aetna of the problem of satisfying the basic Eq. (2) 


special case of the author’s 


: and the external loads and reactions is a remarkable one, and apparently very : 
| little known. But I am dubious as to the validity of the proof put forward by _ 
S Mr. Laushey, and prefer an approach by way of the principal of virtual work, 
a Consider a statically indeterminate framework (Fig. 1(a)) with a redundant _ 
_ member EG and redundant reactions at B and C, acted on by loads P; 1 and Po 
- which produce a force F in a typical member MN. The reactions at B and C 
have horizontal and vertical Xp, YB and Xe, Y,. Tensile 
_ Now consider the same truss with all loads pw external reactions ee a 
- moved. Let us assume that the plane in which the truss lies undergoes a uni- 7 
; form expansion relative to some point o or pole 0. All lines in the plane (includ- 
: ing the bars of the truss) increase in length by a uniform ratio a, but do not 
_ Change in direction. Then the displacement of any joint of the truss such as . 
D will be in the direction OD, away from O, to a point ow where DD! = © =a OD. 
where P, R are external loads and reactions, and F is ab bar r force, , in the 
- state (Fig. 1(a)), and A and e are a component of displacement of aloaded __ tes 


& in the direction of a load or reaction and a bar extension respectively, oir: 
in the second state e (Fig. 


Be 


— 
Ee. lar, his use of the relationship 
most interesting. This equation is 
4 
— 


or Fe, 2) 


A enn: (P, R) QD is positive if the ‘component of P or R in the direction of — 
the pole acts away from the pole, anda term FL is positive if F is s tensile. 4 
The terms FL include all members of the truss including the redundant 
- member (s). Eq. (1) holds for non-elastic as well as for elastic behaviour of 
a the truss under the loads P, so long as the relation between load and | change 2 
_ Applying this procedure to the truss shown in Fig. 2(c) of the paper (see et 
my Fig. 2), we | may conveniently choose as our pole the joint A, since we 
automatically el eliminate the tert term the at so Then 


he 


Py (0) + (0) AC co cos 


— 


2% 

or FL, 

fe Apropos the discussion of the minimum weight of trusses it may be inter- — 


esting to mention that Sved(3) has shown that the framework of minimum 
weight to support a given set of loads with specified bar stresses is always 
statically determinate; in other words, indeterminacy always adds to the... J 
weight, even if full stressing is possible. _ The same conclusion does not on : 
‘eal apply to a truss designed for several different loading conditions. . 
The question of optimum design in this case is much more difficult, and al- Pit 
c. though Mr. -Laushey has tackled this problem in his paper - his ad hoc : approach, 
while yielding reasonable results in the examples he gives, could lead in ycuath 2) 
_ Special cases to ) substantial overstressing in some m members under one pg 
The procedure put forward—that of picking out the only fully 
. members under each system of loads and making a composite structure out z 
ae of them—has no rational basis, there being no assurance that the stresses will 


- Schmidt, working in the Department of Civil Engineering at Melbourne Uni-— 

versity, has recently tackled this problem in an interesting paper. (4) He 
— rives the conditions for minimum weight design under alternative load systems 

ae and gives example of how such a design may be undertaken. . A solution can 


only be reached by a ‘series of successive adjustments to initial trial designs. 


— 


— 
q 
— 
a 
TRING MIT. Fig. 2(a) (my Fig. 3) and assuming, ashe in | 
q L 
q 
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or 


: _ When an initial lack of fit d is present in ina redundant member, the author’ Ss % 
Eq. (2) becomes 


in which, with my sign ‘ifthe member is short 
and negative if it is too long. _ Provided one is prepared to admit such lack of 
fit, all members can always be fully stressed, and substitution in Eq. . (2) will 
give the value of required to ensure this. Another way of putting this is that 
the redundant member has to be prestressed. In a multi-redundant structure 
it is perfectly feasible to prestress each redundant member if necessary, and 
examples have been given of the procedure. (1) If the redundant is a reactive _ 
force ata support, lack of fit 1 means that the support | has to be displaced in the 
fe _ _In the truss illustrated in Fig. 6 of the paper, for ‘example, the full : stress 
one t or c in each member can be achieved by producing a vertical displacement — 
~ at each of the inner supports. - Remarkable economics are possible in arches 
_ by the simple expedient of jacking one abutment in or out. This seems to ie, 
= a vast field for the application of prestressing to framed structures. 
‘Ina later r paper(2) I extended these ideas to non-linear frameworks, ‘and 
seme that the general principles, including prestressing, are still applicable. 
‘This leads in particular to a very simple procedure for limit design. A 
reasonable system of internal forces which satisfies equilibrium is canal. 
_ each member is assigned the limit stress, from which the sectional areas 
_ may be calculated. As the load is gradually applied, one member after an- 7: 
other reaches the limit stress and proceeds to deform plastically in ennten: | 
or compression, until at the moment of collapse all members are at the limit 
stress. It will be seen that it is not “necessary to ensure that there is com- — 
‘patibility of deformations: - this is automatically ensured by the » plastic defor- 
= _ ‘mation of the members. What is essential is that the members are actually — 
oat able to deform plastically to an 1 extent that will permit complete redistribution 
ms 1 of stress in the framework. The deformations required for this can be 


Wy Francis, A. J., Direct Design of Elastic Statically Indeterminate  Triangu- 
lated Frameworks for Single Systems a Loads, Aust. J. j. Appl. Sc. 4, 175-_ 
— + Francis, A. Direct Design of Non-Linear Triangulated 
Framework A t. J. Appl. Sc. 6, 13-31 (1955). 
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REVIEW OF LIMIT DESIGN FOR 


towards limit allowing for the different limitations of the 

bag plasticity, danger of excessive cracking under service loads etc.). | ne 
Incorporation of limit design in the Code may be still far away, but it is ad a 

dau it will not result in three alternative design methods being simultaneous- 
ly available for use: elastic, ultimate strength and limit design. Even now, 
various dubious | combinations of the elastic and ultimate-strength methods 
have been used with a view to obtaining economical sections. (It may 
called that according to the former ACI Code the design of beams with com- ei 
pression reinforcement } involved elastic design for tensile steel and plastic 4 oa 
» As for current practices in ‘different countries, one may justify ultimate © 

} strength design based on an elastic moment distribution, since this is one of © 

iz the 1 many possible collapse moment diagrams; but elastic design of sections _ 

' based on plastically redistributed moments (in consequence of the appearanc 
of plastic hinges) seems rather illogical, even though numerical results — 


_ A more detailed definition of the term “plastic hinge” would read:—a beam 
= section where yielding has developed in both tensile and compression zones. a 
The plastic hinge develops when the (full) plastic moment is applied; it is oa 
capable of rotation as if the member were hinged, but the plastic moment is 
maintained at the hinge. . In the case of reversed rotation the response is ie.” 
_ The contention that strengthening some of the sections may actually weaken > 
the structure as a whole is very interesting. The writer was aware of such 
cases in the elastic range, but not in limit design. (1) For example, consider | 
a rectangular (a x b) mild steel bar in axial tension P (Fig. la; oy =yield 
stress). Fig. 1b shows the variation of the maximum elastic .(P ) and moots a. 
(Poy) carrying capacity when additional eccentric material (x - a) is added. (2) - 
It is seen that additional material may reduce Py but not Por. Inother = ve 
}cases (e.g.(3,4)) additional reinforcement may not increase the plastic carry- 
E ing capacity, but it is assumed that no reduction takes place. = | 
: _ Shake-down analysis for non-proportional loading has been mentioned in 
i review but it may be interesting to note that in ‘special cases ev even pro ee 
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(a) 


_ Take for example the above. ine bar under eccentric tension 
i force P inside the section core (say e = -a/9). Fig. 2b shows the non- ~monotoni¢ 
_ stress variation at the far fibre (2) with increasing P. , ac} 
Another example is an ideal plastic two-span beam of variable cross- 
bi section (Fig. 3a).(2) The loading history shows (Fig. 3b) that a plastic hinge - 
. ae forms at D, rotates and ceases to rotate, and a decrease of stresstakes place§ 
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- oa The exact moment coefficients (for total, i. e. dead + live , load) ofthe 
pe Russian Code(5) are shown in Fig. 4. These recommendations ; apply to one- ‘ 
‘s way slabs and secondary beams in cases of spans differing by not more than 
oe 10%. The support coefficients refer to the reduced moment due to width of 
supports. It is also required that reinforcement at the support be not too 
_ oe heavy, the ratio of depth of the neutral axis to effective depth being limited to 
: = not more than 0.3; this is to ensure against brittle (compression) failure. a 
; In conclusion, some remarks on the criterion of ultimate- -strength and a 
: limit designs! Both methods are based on the concept of strength in the sense 
that calculations are carried out in terms of critical stresses (yield stress, 4 
sil -crushing- strength stress etc.). But in the last resort it is the limiting defor- 
> that defines the “structural usefulness” (referring to authors’ defi- | 
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state is defined as the critical collapse state, it can only be “vustified on the 
grounds that deflections have become so excessive as to render —- 
totally unserviceable (no local buckling assumed) 
ih ‘reinforced concrete structures, although | the ultimate plastic moment 

may cause the actual crushing of the concrete, it is again the deformation — 
rather than the strength (stress) criterion that counts—in view of the re- “ 
strictions imposed on plastic hinge ‘rotations, width of cracks etc. It may be 

also noted that there are wide discrepancies in the definition of concrete 
crushing (design) strength in flexure. According to the ACI Code it is 85% of 

the cylinder strength; according to the British Code it is 2/3 of the cube ot 

strength; the Russian Code assumes it to be (25% higher than the prism 
strength. While the ultimate bending moment depends very little on concrete ht so 
strength, this is not the case in boca subjected to the combined action on of a4 
bending moment and : ; 
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design method adopted by the Austrian Code in 1953. (6) _ According to this _ 
— Code, the carrying capacity ofa section is exhausted when a certain limit 4 


compressive strain E* in the concrete or a certain tensile yield strain E* 
q in the steel has developed. nee represents the peak of 
stress 
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Eugene Guillara, Ultimate Resisting Moment of Beams with Compression 
‘ Reinforcement, ‘Journal ‘ACI, March 1958. 
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= Theory have not been properly compared rpocentao the ‘extent of accu- 
racy which can be achieved by the latter. The promoter of a novel —"s 
method is invariably compelled t to sacrifice some accuracy (so long as this is 


ss, and therefore popular in appeal. For instance, Baker’s early work on moment 


On the other hand, his later work 


_ which approximations inherently exist, the magnitudes of which have yet to be 
carefully investigated. Amongst other implications, the assumption of an 
i, idealised elasto-plastic load-deformation curve drawn always below the actual 
_ curve may r result in an actual structure which is over-stiff, and this, as point- 
a ed out on page 1878-20, does not always err on the safe ‘side, , especially for 
structures designed for differential settlement. The Plastic Hinge Theory is 


nied by loss of accuracy which is inherent whatever refinements are made to 
the “safe-limiting” parameters. The objective of future development of the © 
a Plastic Hinge Theory is thus to establish the amount | of inaccuracy which is 


Pe: With regard to the approximate elastic solution, it is surprising tant the 


mately the conditions of servicibility, but rather adds to the simple Limit De- 
sign method the work of solving a set of simultaneous equations which even by§ 
_ approximate relaxation techniques is ‘tedious, and detracts from the merit of 

_ simplicity. | It would seem far more realistic and convenient to discard this | 
labour and instead, establish from tests “such limiting criteria as load factors, 


‘minimum slenderness ratios and steel percentages, which would result in 
satisfactory working-load conditions for structures designed by ultimate load 
considerations alone; this seems “ have | been considered in the Russian cul 
Turning now to the rotation of hinges, the Paj Paper suggests 
on page 1878-12 that Baker’ s Eq. (5) neglects the elastic deformation. This” 
2 is incorrect, since s 
at compression edge, which occurs - increasing load between the steel 
yielding and the concrete crushii 
is further stated, without e that Chan’s method for calculating 
re plastic hinge rotation based on flexural analysis is highly theoretical because 
- other complex deformations could occur within a structural junction next to a 


2 - member and inside the junction are largely two separate and independent phe- 
a nomena, the sum of | which constitute the total available rotation. Chan’s analy 


‘Sis and experiments have been recently , verified by Prasad, (1) which showed 

Sr. Engr., Sir Bruce White, Barry & Partners, Cons. 


as expressed in Eq. (3) of the Paper, isa simplified and powerful method in | 


, (Baker’s s notation) is ; defined as the * “strain of concrete . 


_ therefore ai an advance in the basic concept o of a structure asa whole, accompa- §j 
acceptable, and the “Concluding Remarks ” should be be qualified in this light. a 3 


structure” 1878-13). is well known, an elastic solution % 
act”, has little meaning in steel structures and even less so in concrete _ 
structures. 7 Thus an elastic solution does not. generally indicate even approxi-§ 


7 


hinge. This’ observation is confused, since rotation developed along the 


Tre- distribution as described « on page | 1878- ‘T was a rigorous approach which § cor 


om hie ale L. CHAN.!—The authors have given a valuable survey, with com- tha 
monte nat the in thic fiold Tt howover rocrottahloe that fle 
is! 
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| | 
that method is valid for plastic hinges oc occurring in that are 


_ flexible compared to their adjacent structural junctions, where little a 
is developed inside thi the junctions. _Tests carried out by Ernst 


into structural junctions for av wide variety (of cases. 
Another important omission in the Paper is the effect of axial load on the 
: spread of plastic hinge length, such as occurs in columns. Chan’s method 
considers this, (References 26 and 31) and based on a simple ty 
interaction formula further been proposed:(2) 


= 


| 


up the available to date on plastic rotation, 
-Baker’s and Chan’s methods can be reconciled with the experimental 
Ernst, and all combined into a simple formula (see Fig. A). Based on Eq. (5a) 7 
by Baker, 1p is determined as a variable according to Chan’s concept, the | 
numerical parameters being established from tests. ‘This r ina formula 


sie 
where Z= 
width of support; 
Pagt spread of sheaitats into junction, , and can be taken in the case of — 


m over-reinforced beams as the lesser of 2d 2d or =. anda as zero for ; 


balanced and under-reinforced beams; 7. 

c = a constant which varies from about 0.25 to 0. Site = ape 
This method is general and takes into account all the principal 
contributing to plastic hinge rotation. It has the further ia that no idl 

reference has to be made made to the values of ME and . 
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EQUIVALENT CURVATURE _ DIAGRAM, (BAKER, CHAN) 
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comprehensively ai and systematically’ reproduced. The set setup of the ps paper i 
. Apart from the many good points of the paper — 4 


there are some phases which I feel have not been elucidated and given due at- | 
tention. . The phenomenon « of plastic hinges in concrete is complex and should 
have been expressed more clearly. Bs Referring to the first assumption | on | page = 
9 of the paper the authors write that “plastic yield is concentrated at a hinge” 
which ¢ does es not | completely specify the conditions. Now if we consider a frame 
be increasingly loaded, plasticity will develop in the members. 
‘process goes on as the load increases and the plasticity travels longitudinally Fs 
for a short 1 length of of the member finally causing a | drop. _ This |] localized —_ 
or drop results ina 4 discontinuity or change of slope of the member. 2 The > 
oan of slope in the immediate vicinity of the short plastic length may be ee 
looked into as the rotation of the hinge. The moment at the > support attains 
the maximum value first and if the plastic length is small and confined then 
- the moment at the contre goes on increasing and the beam continues dropping — 
until the failure occurs, . while during all this time the support moment is a 
constant. It can be said that the concrete in the plastic length eae 
fined fluid which automatically dictates that there is no strain variation in that 
region, - This then leads to the assumption that plastic hinges are concentrated | 


at the point. ‘The above condition is highly idealised because the deformation — ., 


B takes place over a finite length. It will not be out of the place to mention that 
} the assumption of formation of n hinges before failure of the unit leads to the | 


conclusion that the load causing the nth hinge to form is the ultimate load ee 
since after this stage failure occurs. = | = 
_ Besides the assumptions mentioned in the paper there : are other important 


assumptions which need mention and are as follows ee 
In the unit under consideration, the moment varies linearly with the 


the plastic concrete as mentioned earlier in the discussion, the moment 


2. 


Ultimate strength of concrete in over reinforced case and yield — 


creasing load. This however is not true near the hinges. Because in 


‘of steel in under reinforced case are responsible for the ‘moments in 


; : 3 in the concrete near the steel at its yield stress. 


from I to 0.I for the extreme cases. 


pe The formula (4) on page” 1878- 10 of the paper is is based on the en of 


| 
| 
— 
= 
— 
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= 
duced du — 
e to the increasing load should not be too wide. take 
de use ofthe ratio F, 
to the maximum strain 
| 
not justifia y te) is equal to unity, which is evidentl 
— 


which may be be written as; én 


‘The above equation is to be integrated nee the prea but it will be 


sufficiently accurate if only the rth term is taken, the other terms do not con- 


the equation r reduces to: | on 20%, 


tribute 


_ The equation mentioned above seems to ‘0 yield better r result ‘than the Eq. (4) as 


; indicated in the paper. . The writer also agrees with the remark made by the 


authors on page 1878-15 about the > complexity of stresses | near the joint borg 
the unability = Chan’ ’s analysis to coordinate with the actual conditions. 


hk Sabet, AL. L.; ., “Recent Research in Reinforced Concrete and Its Appli- 


ation to — . Journal of Institution of Civil Engineers. V 35, No. 4. 


> a _ Baker, “i L., “Further Research on Reinforced Concrete and Its Appli- 
cation to Design”. <i Proceedings of Inst. of Civil Engineers, Vol. _ 2, Part 3, 


in Reinforced Concrete Frameworks”. Magazine of Concrete Research, 


5. Sites: “Ultimate Load Design Theory for Indeterminate 
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structures i is timely and most welcome. It seems to ‘the writer, however, that 


frames with several redundancies only if the hinges can sustain, without dis- 


_ integration of the concrete, the rotation required for the formation of further 
‘It is theoretically possible to design a structure in which all the plastic 
hinges form at the same load. This is comparatively easy to achieve if the 


a theory set out by the authors is valid. The resistance moment of reinforced 


without changing the overall dimensions of the section: in this 1 — it en 


Prof. of Architectural Science, Univ. of Sydney, Sydney, Australia. 
Lis 


_ HENRY J. COWAN,! A. M. ASCE.—This review of limit design for — 


_ As the authors point out, limit design can be applied to reinforced concrel ‘ 


- concrete can | be varied simply by altering the disposition of the reinforcement § 
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DISCUSSION 

differs from structural steel in in which a change “: siainan is frequently incon- a 
venient and sometimes impracticable. ‘If the hinge sections are designed so SU 


that au hinges form at the same ee the hinges need sustain, theoretically, ° 


‘experi 
‘The authors’ reference to the use of spiral reinforcement < as a means of a 
_ extending the capacity of concrete for plastic deformation is entirely convinc- _ 
ing. The writer wonders, however, ‘whether this in fact is is an acceptable de- 
vice for normal reinforced concrete construction. It is s worth noting that the 
theory of the use of spiral reinforcement in the compression zone of — 4 
forced concrete beams has been included in German language textbooks _— 
reinforced concrete (Saliger, Probst, etc.) for some decades. In spite of that 
“it hardly appears to have been used, except in conventional hinges (i.e. two- 
hinged or three-hinged arches). Do the authors consider that spiral rein- - 7 
forcement in the compression zone of beams would be an economical form of 


- Even if it is practicable to employ these se two devices, however, it seems to 
the writer necessary to extend limit design before it can be generally anes 7 
ed for reinforced concrete. G. de Kazinczy (author’ s reference No. 1) a . 


out as long ago as 1933, and emphasized again at the Fourth International = - 
Congress of Bridge and Structural Engineering (Cambridge 1952) that the —- = & 


® pacity of reinforced concrete to sustain large rotations is essentially a proper- 
5 ty of the steel (assuming no spiral reinforcement is used). y 4. F. Baker in _ 


discussion on a paper by A. L. L. Baker (Jnl. Institution of Civil Engineers, 
London, Vol. 35, p. 315, 1951), pointed out that the load carried by an under- 
reinforced beam was maintained after hinge formation, but that it fell off — 
rapidly in the case of an over-reinforced beam. The writer also has observ ed 
that full redistribution of moments occurred in | simple portals with low per- 
centages of reinforcement (Jnl. Inst. Civ. Eng., Vol. 36, p. xiii, 1951; Engi- 
neering, London, Vol. 174, p. 277, 1952; Constructional Review, Sydney, Vol. 
30, No. 7, p. 30, a he has found little redistribution in two over- 
_— seems to the writer or therefore that there are two main 1 problems to 7 
‘solved: (i) ame much rotation can a given reinforced concrete section sustain 


‘must be solved separately, since the scale model approach so successfully “— 


employed by J. F. Baker’s s team on ‘steel structures is hardly practicable all . 


a With regard to the first problem, the information given by the authors is 
very limited in Scope, an and it seems to the writer that the recent experiments 
by Ernst (Jnl. American Concrete Institute, Vol. 28 (1957) pp. 1119- -1144), ea 


which are not included in the authors’ comprehensive are the 
most informative carried out so far. 


‘The. second problem, v: viz. . the angle « of rotation needed ina given multi- bay 


4 rigid frame for the formation of the requisite number of hinges, seems to the 
cement 


writer most important, and he would appreciate it if the authors would + all 
out a typical numerical example 1 using the method in the paper. lies ial if 
- Since the authors make reference to a number of non-American design 


codes, it may be of interest to mention that the new ? en Standard ues 
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tation is required at the first hinge to allow all the other hinges to form | 4 
accordance with the authors’ theory | — 
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a for the Use of Reinforced Concrete in Buildings (CA. 2, ‘uetnete Association | 
_ of Australia, Sydney, 1958) admit a 15 per cent adjustment of bending moments 
vin continuous beams, like the British Code. The Australian Code furthermore 


itish \ustralian 
states that “the design of slabs spanning in two directions may be based on the 
assumption ‘that failure occurs along a pattern of yield lines at which the full 4 


diene moment of resistance of the reinforced concrete section is Goveloped, 
_ The yield-line pattern shall be chosen so as to give the lowest ate ulti- 
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iuliano Augusti, 7 Tullio Renzulli, Em 
GIULIANO AUGUSTI.+—In this paper, the moment effects caused by the if 
; plastic portion of the curvature are computed assuming that these curvatures — 4 
are re angle changes concentrated at the point of maximum moment. On the 
contrary, the writer has in some numerical examples realized that this short- 
ee Therefore it is better to remove the mentioned shortcoming, and to > calcu- 
late the moment effect of the curvatures taking them in consideration 
ee distributed, as they actually pare. This cc computation can easily be made by ; 
means of the moment influence lines for travelling distortions. 


_ The moment influence line in section S for a travelling distortion isa a 


- 


ee. that gives the bending moment in S caused by a concentrated distortion 
Hy with its ordinate mj, read in correspondence 2 of the section in which the FT 
applied and multiplied by the value of the 6;.(1), 
if the concentrated distortions are more re than on one, their moment effect in s 
is given by the sum 24mj46j; if, instead of some concentrated distortions, there 
are infinite elementary distortions pds, distributed ina zone of length A, the 
following moment in S$ is given by ds. 
5 ‘Therefore, we assume the moment effects of plastic curvatures to be like 
_ the moment effects of elementary distributed distortions @p =); so we have ~ 
at once the moment at any section - - if we know the moment * influence line for a 
Of course, , to get the whole moment diagram commu by plastic curvatures © 
ina rectilinear span frame or in a continuous beam, it is sufficient to com- 


its values at the ‘sections. Thus, ‘it is necessary to draw the in- 


_ The reason of the difference in evaluation of moment effects caused by = 
concentrated or distributed plastic curvatures is shown in the example | sy ‘ 
Fig. 1 . The actual moment diagram for a given load, which doesn’t attain its pet 
ultimate value, is given in Fig. 1-b; the plastic curvature diagram is given in 

» Fig. 1-c, assuming the moment-curvature relationship of Fig. 2; the moment 
influence line in section B for a travelling angle change is given in Fig. 1-d. 

4 i. In evaluating moment effects, when we consider the plastic curvatures ?p 4 
| as two angle changes” concentrated, at of m moment 4 


| ELASTI-PLASTIC ANALYSIS OF CONTINUOUS FRAMES AND BEAM 
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The writer has in some examples ascertained that the moment eae 
~ the e integrals on the right side of equalities and/or disequalities (a), (b) 
m may ) sometimes be even two or three times greater than the exact moment, as 

_ evaluated with integrals on the left side. It occurs sometimes, however, that © 

7 —especially in the case of concentrated loads—when substituting right sides — 
_ of (a), (b) for the left ones, we incur errors of opposite sign and of same es 
: magnitude, so that the final error is actually negligible; but this is ad ek 


with sway. This allows the use of recommended _-geapeneramnes a oa 
: time expenditure only ‘in preliminary \ work. 


"sections in a highly statically indeterminated frame, it is possible to combine : 
our procedure with that of MM. _ Johnson and Sawyer; in so doing we get at the 
time good approximation and quickness in computation. 

_ If plastic curvatures are expected to be only around joint sections A, B, 7 
. ., we compute n moment effects of plastic curvatures in the same sections = 
means of corresponding moment influence lines. 
~ In calculating moment effects at the other joint sections, it is possible~ 7 
on the contrary—to consider the plastic curvatures in A, concen- 
Basis angle changes Oj. The moment in all these sections caused by the “—— 
_ is easily determinated when we remember that the influence nary siting 
rox coincide with the moment diagrams caused by anangle change 


6= +1, applied in A, +B, _C respectively. y. Thus, w we can compute moments in all a a 
ba sections by superposition of effects of individual angle ata in A, B, 


. According to Betti’s generalized theorem, the moment influence line in S 
bor a travelling angle change 6; coincides with the moment diagram caused 
= iby an angle change 8 = +1, applied at S. (See: A. Galli, Scienza delle — o 
Costruzioni, Vol. 3°, Cap. 25°, Napoli 1957; ; V. Franciosi, Lezioni di Ponti, 
Cap. 3°, Napoli 1954.) The angle change 6;—with the common cin 
sign convention—is positive the moment makes for it a posi-— a 


t 


2 3 The expression of this integral may be found in advance for the most — 


| Dand B), we compute areas f, 1) ds and Sa 2%p ds (3) and then we multiply — 
a the ordinates mp and mp of influence line, instead of calculating di- _ \ = a 
aq tegrals mds and mds. But from Fig. 1 we have easily: 
| 
| 
| 
— 
ing ag 
— 
We must remember the assumedLalvebraic sion convention (note 1) For 
are negative distortions, 
3. For the sign, see note q 
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TULLIO# RENZULLI. procedure p: proposed for the calculation o of 
‘frame is without doubt more exact than those which are based on a limited 
stress- -strain diagram, or those ' which take no account of the elastic strains 


ee : in comparison with plastic ones. This exactness, however, is linked to more a 


a mer? A ‘similar method, though based on a less general moment-curvature re- P 


_ lationship, has been proposed for rigid-frame calculations. (1,2) 3. ne? 


= “ — One should take into consideration the possibility of (1) iiitanee phases at 


. any section, ‘that is, moment decreasing during a phase of structural loading, 
a. and (2) the simultaneous presence of normal and shearing stresses. (3) vat 


{ Starting with an ideal stres-strain relationship composed of two straight oe 


lines, the ‘second of which ‘stops a at the value of the fracture strain, , Fig. 1, the 


moment curvature (M - 2 diagram is o staat while ‘the strains are in the a 


elastic range and becomes curvilinear starting from the seein of coordinates 


Me, , — and reaches its highest value es the point C of coordinates Mi, "uO 


With increasing we have the elements of the section 
“where €2€, ., and consequently the moment decreases and asymptotically ap- 


_ The stress-strain relationships : are as shown in Fig. 3a, b, d, where 
= urvature is contained in one of the intervals 0 - a For 
a rectangular section the > moment-curvature relationship 


is 
(ve 


Similar expressions can be derived for different sections. 


— we substitute a straight line for the curve in the i interval O-C of Fig. 2, 
analytical operations a are remarkably ‘simplified. 

_ For a beam section in the elasti-plastic ee , for which M > Mg over > 

Plastic length of As, the plastic angle is 


Assistente alla cattedra di Scienza delle Costruzioni ni della Facolta di 
Ingegneria di Napoli-Libero Docente. 
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"where K is a constant whee can be obtained from Eq. with M = Mj. 
For a straight or parabolic distribution of moment corresponding to an unload- 


ed or loaded region (with uniform load p), we 


DISCUSSION 


where M* i is highest of the moment in the region. 
q «If we consider two spans, h and h + 1, of a rigid frame, Fig. 4, the four- 
‘moment equation can now be generalized so as to be applicable to the elasti- . - 
J plastic range. Blackened pees of the moment diagram represent regions 
_where the moment exceeds Me. . Treating the plastic angles as concentrated | ; 
and using as isostatic structures the two spans hinged at their ends, the atin 
of rotation of members of the to 


* 


= hinge angles caused by external loads ar and settle- 


ments 
= hinge angles caused by jc by joint 


= distance of region on AS; from the joint a 


ot of the span 


‘Direct s solution of Eqs. (8) is is not as the lengths and the 
_ of the regions As; are not known. It is better to use a trial and error method: 
_ Starting with a bending moment diagram calculate the plastic angles, from ail 

which, by substitution in Eq. (8), a system of linear ee meen for the 7 


oint moments is. obtained 


For and reinforced concrete the M - = 


indicates that the plastic curvatures can be ignored with respect to the plastic a 


ones, . (Fig. 5). In this case, with increased external loads, we take ir into con- 


sideration only plastic curvatures. Then Eq. to geometric re re- 
lationship ‘shown in n Fig. 6 


_lecting elastic strains, we calculate a rigid frame as proposed by Greenberg © 

and Prager, (4) moreover taking into account the limitation on strain. 

. aS r this purpose, we e complete a calculation based on a limited M - ten : 


‘relational and obtain, for an n- -degree hyperstatic frame, the pc of 
the n + 1 hinges necessary for rigid collapse. The angle between any two ra 
sections linked by a hinge i is These are e known 
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DISC USSION 


ne greatest strain in the material is a 
at the section t where the value ot is highest. 
At collapse (which we consider occurs , when Mj is attained at any section), 7 
in the broken hinge me PM pt: . In the others the plastic angles are obtained — 
knowing the and are indicated with it. In hinge t the 


F and in | particular ¢ cases cases of an an unloaded c or uniformly loaded region by Ps re-— 


-LAS | 


— 


and the new values substituted. 7 
| 


Contributo alla evoluzione del metodo di delle cerniere — 


‘then, the moments Mie so. obtained, these are recalculated 


Renzulli Sul calcolo delle strutture monodimensionali 


"EMILIO ROSENBLUETH, A. \. M. ASCE.—The authors have 
oa and useful method of analysts applicable to continuous beams and frames _ 
constituted by members having any moment-curvature diagrams, which lea il ; 
to curved relations between bending moment and angle change at inelastic _ aa 
hinges. Due to its generality the method might well have been termed “in- _—_ 
elastic analysis”. AS pointed by one of the authors in an earlier paper(1) (of nf 
which the present one may be regarded as a generalization) the advantage of : | 


idealizing a moment-curvature diagram as formed by two or three 
lines lies in the feasibility of resorting to the relatively simple tabulated 
formulas for the plastic angle change 6p in terms of the bending moment dia- 

id Usually the error associated with such idealizations is quite tolerable. (1) a Sa 


But this is not necessarily the case in all instances. When one must retain te * 


‘carved relations | between moment and curvature, 6, may be obtained from a a 


a function of M. The plot is conveniently calculated by a anumerical 
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, “os _ For structures with a large number of joints i it is possible | to develop | 


it re- 
"quires knowledge o! of the distribution ¢ constants for prismatic members having 
_ Consider the member in the writer’s Fig. 1. It is a prismatic beam ot 
 ~Span L, having hinges connected by springs. , These are located at distances 
é9L,.. . .. from the left support, and at nolL... from the > right-hand 
It is easily shown that the carry-over from left to 


and the left- -hand — right- support is fixed against 


>. 


a and kj is the stiffness (moment over angle change) of the ith aie hi 
If the right-hand end is simply supported, Eq. (2) becomes 


‘ 
a The stiffness of the beam (shear ov: over lateral displacement), when its sup- 
ports are laterally without rotation, is found to 


{ 


where denotes the shear corresponding to a displacement 

a Eqs. (1) to o (4) permit a straightforward moment distribution in name: 4 

with elastic hinges and/or semi-rigid connections. The method proposed con- 
aa sists in, first, estimating the redundances so as to obtain a preliminary = 

moment diagram. The structure is then dimensioned and, at every region 
_ where the bending moment exceeds the elastic-limit moment, an inelastic _ ae 

7 hinge is is placed. A moment-rotation diagram can be drawn for every inelastic 


hinge, such as the solid curve in the writer’s Fig. 2. From the preliminary | 
| tenes diagram, the bending moment at the hinge has in effect been estimat- 
a ed and one can draw a secant (OA in Fig. 2) through the origin. _ The slope of e 
Results of the moment distribution provide a new moment Aa , which 
% ‘in general will differ from the ontgmal, The final moment diagram will 
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‘distribution, — Hence one can assume a new diagram, closer to the solution of 
the frame, and repeat the process in| a series of successive ye approximations. 
At any stage after a moment distribution it is a simple matter to redesign the 
structure. This feature is particularly useful in reinforced- -concrete frames, 
where there is difficulty in estimating off- hand the points of bar cut-off, which 
in turn affect the location of inelastic hinges. or ae 
: The proposed method can be changed | from one of successive approxi- 
mations to one of successive corrections. Say that, after distributing 
‘moments, the moment at one hinge is equal to the ordinate of point Bin Fig. 2 
while the originally assumed moment equalled the ordinate of A. In the | figure, 

point B has been placed on a revised moment-rotation curve (dashed line), 

_ which corresponds to the new estimated moment diagram. If in the new dia- 
gram the moment at the 1e hinge ir in question is ; equal to the ordinate of point | Cc : 
(on the ‘same dashed line), a correction to the originally estimated diagram is 
obtained by distributing the difference between the ordinates of A and B (and > 
similar differences in the rest of the hinges) with an assumed hinge stiffness 


‘This process has been successfully applied to analysis of frames having it in-— 


elastic semi-rigid connections without need of applying Eqs. . (1) = (4) ). The 

connection is merely replaced by a “phantom member”, (3) with stiffness equal f 
to the slope of its moment-rotation curve and a carry-over factor of -1 (in Jf 
the > static- -moment sign convention). It is equally successful when the position 
‘of most hinges is correctly estimated from the start and redesign at mid- — 
analysis is not contemplated. the successive- 

In essence the operations 3 carried out in the proposed een are the same 
as those in the authors’ but are performed in a manner that seems more ef- 


ficient when the number of joints is large. _ Conversely, in frames with 


small number of joints the labor involved in distributing a unit moment applied — 


successively at each of the joints is not excessive, and the authors’ method | 

Following A. L. L. Baker, (4) it would seem that moment-angle change dia- 
grams for reinforced concrete members might be adequately approximated — 4 
4 for design purposes by two straight lines, the first through the ‘origin, coincid- 
ing with perfectly elastic behavior, and the second horizontal, with limited ro- 
"a tation. This proposal is attractive in view of the many uncertainties involved 
_ when failure is impending. . Again following Baker, this type of moment- a = Sy 
rotation diagram lends itself to analysis according to the following steps. 

1 - Invent a solution satisfying statics. In this four 


"usually govern selection of the solution 


Economy. This is achieved by keeping the moment down 


in rectangular sections so as to obviate the need for compression 


reinforcement or increase in concrete section beyond what is re- 


quired to take shear economically. Also by making minor ad- | 
eae justments so as to utilize the reinforcement as close as possible to 
-_@,.: Minimum deflections and crack formation. To this end the. solution 
ae _ should be close to the elastic solution (although the latter need not" 
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as 33 per cent. reduction 

ow, design bending moments may be tolerated with respect tothe 

a = solution | without ‘Special provisions, so lo long as statics are ah ) 
4 

a - Uniformity in bar lengths. For instance, the design moment over 

+ ‘el the first interior support of a continuous beam or girder having a 
several equal ‘spans can often be made eq equal to that over other a 

omy terior supports so that all except end spans ‘require the same distri- | 


rs Assuming elastic compute | “dislocations” ’ (finite angle 

so changes) required at plastic hinges to satisfy continuity elsewhere in 


the frame. Tables of end slopes of beams are this 


8 Compare with allowable dislocations (ultimate hinge If com- 


7 puted angle changes are smaller than these, the frame has been solv ed. 

ae. Otherwise apply end moments to close the gaps sufficiently to keep neg 
fe) 


a within allowable limits, or else add stirrups, ties, or spirals t 


bee For routine analysis of reinforced concrete frames this method seems _ 
: preferable to most others. But, even though it could easily be extended to 
more general moment- -rotation curves, it would loose its simplicity and con- 


% ceivably be no longer advantageous over the authors’ method or over the one | 
Whatever method is chosen for analysis in connection with design, it is i 7 J 
portant that it be adapted to permit changes in the structure at intermediate | - 
‘stages of the analysis. Fortunately the authors’ method as well as the an a 
procedures described above apparently lend themselves to such adaptation. Lad 
_ The writer hopes that in their closing discussion the authors will more fully | 


“dese ribe this aspect proposed 


frames”, Proc. ASCE, Vol. 81, 851 (Dec. 1955). 
. Newmark, N. M., “Numerical for computing deflections, 
-moments, and buckling loads”, Trans. ASCE, Vol. 108 (1943), pp. 1161-— 


1234, 
3. melts, W., Discussion: of “Elastic properties of riveted connections” : , by 
— Rathbun, Trans. ASCE, Vol . 101 (1936), pp. 568-569 acs ; 


“Ultimate Load Theory Applied to the Design of 


A. L. L., 
Prestressed Frames”, , Concrete Publications Ltd. (London, 1956). 
A. A. -EREMIN, 1a A. M. ASCE. —In this pa paper the authors have shown the aa Z 
method of distribution of bending moments in rigid frames by considering the Rae " 
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to note that the of distributing the plastic 
elie is similar to distributing elastic moments. The same elastic proper- 
ties of rigid frame members were considered in re 
a= For checking purposes and also for visual presentation of the elastic _ 
_ properties of the continuous beam in the illustrative. ‘example s shown by the . 
; authors in their Fig. 5, the moments were determined by graphical distri- 


Distributing of bending moments from the given is shown in 


Fig. 20a and Ge ous distribution of the plastic bending moments is shown 


‘The final resulting bending for the elasti- -plastic condition of 
continuous beam are determined by summation of the elastic bending moments 


in Fig. 20a and one half of value of plastic bending moments from ‘Fig. 20b. = | 


The final bending moment closing line is shown in Fig. 20a by line AEFD. 
_ It may be noted that the final bending moments determined with the graphi- 
‘cal constructions vary from the moments computed | by the authors re less than a 


} With the graphical constructions the effect of the elastic eee of the 


7 The characteristic points in the beam, Fig. 20a. are determined by the 


“Simplified Graphical of Moments” A by A. Eremin, 


2. Transaction ASCE, 1950, p. 630 discussion of “Arches ar and Bente”, 
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ROBERT F. WARNER. —The author is to be congratulated for his paper 
"dealing w with shear failure in reinforced concrete beams. His application of 
- crack is a useful contribution to our understanding of the “shear- Resist 
compression” failure which is commonly observed in laboratory tests. It is 
§ interesting to note that in another, independent investigation Walther(1) also ; 
used the Mohr failure theory to obtain the critical stresses above the inclined i 
crack. author’s treatment is more general than Walther’ in that 
takes into account variations in the ratio of the tensile to « compressive 9 ee 


dealing specifically with tl the ‘shearing strength of concrete beams 


a ever, the author has ‘made an omission n which, it is thought, severely restri 


| the usefulness of the theory. The author does not state a compatibility con- 
dition in | his paper, and hence gives n no indication of h how the depth of the _am- 
tral axis at failure, defined by the dimensionless parameter ky, is to be « oil 
termined. This occurs in (27) and (18), 
ain 


Probably the mere re would be no e no great involved in 
in ie i to avoid the use of a specific k, value, but in Eq. Eq. (18), asia any ‘ 
error in .' will | cause a proportional « error in Vo t the ultimate she shearing force 
“resisted by the section, no such approximation can be used. ss : 
Aas Although it is not explicitly stated in the paper, the author appears to to have 
avoided using a compatibility condition in the table of calculations (Table 2) 
by assuming that the longitudinal reinforcing steel has yielded at the time a 
failure. This assumption, which was also made by Bresler and Pister, (2) is 
unjustified, for if the steel reaches yield, the flexural strength of the beam eg 
has been achieved and the problem of premature shear failure does not arise. bs 7 
Bresler and Pister foresaw this objection and showed that their computed “9 


values 3 for shearing strength, | based. on the assumption of in the 


| 2. Proc. Paper 1909, January, 1959, by Sidney A ais 
1 = Asst. in sst. in Civ. Eng., Lehigh Bethlehem, 
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“justification for of yielding in the steel (which is contrary to 
‘the experimental evidence of many shear tests); it is an indication that there 
is a second compensating error in the formulation of the theory. iS 
: ef The problem of finding a rational compatibility condition for the failure 
region appears now to be the one major obstacle to a satisfactory end for 
the shear-compressive strength of prestressed and reinforced concrete J 
a. A promising approach has been made by Walther, (1) who stipulates a 
“shear rotation” about the neutral axis, coupled with a pull-out effect ofthe — 
longitudinal steel relative to the surrounding concrete, However, the present 
= formulation of this theory does not a test data : ‘so well as the purely — a 
ae With the attention currently being given to the problem i with the in- de 
creased understanding achieved by papers such as the one being discussed, } 
this writer is hopeful that a completely satisfactory solution for shear- 
. - compressive strength will be obtained in the near future. | However, he | feels” 
_ é it is important that the shear-compression failure be not considered as the 
only “shearing” type of failure which can occur Tenn Ten and reinforced 


Ferguson(4) has already that the shear 
strength of a beam, when loaded through side stubs, can be as low as 37 | per 
. cent of its strength when loaded on the top surface of the concrete. a 
failure will be in shear- -compression or diagonal tension when r moving point 
loads, distributed loads, side shear loads, and other “practical” loading con- 
ditions are involved, can only be determined b by more tests inw which the load- 
conditions are varied. It is quite possible that the shear- ~compression 
4 failure occurs only under conditions similar to those existing in the typical , 
laboratory shear tests, in which stationary point loads are applied to the ot 


surface of the beam. More research work is urgently : required in this area to 
‘compression the — limitations to the use of the concept of shear-— =_—- 
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HENRY J. COWAN, 1 A. M. AMSE.—The author is to be ona 


‘Prof. of Architectural - of Sydney, Australia. 
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important in n practice, presents much greater difficulties than the related — Lis 
“snport of combined bending and torsion, largely because it is much easier 
‘eo separate the effect of bending in the case of torsion. It is gratifying, ifnot — 
unexpected, to find that the author obtained for shear similar results to those » 
"previously obtained for torsion by Nylander(1) and later by Armstrong and the 
The author’s the relation between the tensile and the 
im pressive strength of concrete are most helpful, and the writer would be inter- 
_ ested i in the correct reference t to the author’s work in this field, _ (54) being 
_ The writer finds himself in agreement with the author’s statement. that tthe 
“tenaie and compressive strength of concrete are two separate physical — Ong 
constants of the material. . However, ‘this would suggest to the writer the use — 
of two separate failure criteria. Although the author refers to the writer’s 2 
work (Author’s reference 7) and uses similar illustrations, the writer did in 
fact use two failure criteria, viz. the maximum stress criterion for primary 
tension failure and the Mohr criterion for primary compression failure. The 
effect of using only the Mohr criterion becomes apparent if one refers to the 
-author’s Fig. 7, which is grossly out of scale for the range of values of — fe 
by the author. The author’s footnote suggests a ratio f o/h = 10, whereas the © 
| figure shows a ratio of only 2.8. For a ratio of 10 the ang e @ would be very © 
much larger. ‘The writer finds it difficult to reconcile this angle with the work | : 
of Balmer (author’s reference 2) or the earlier work of Richart, Brandtzaeg _ 
and Brown 3) assuming that a — line envelope | with a constant angle of 


a difference te to author’s conclusions. 
1 1. H. Nylander: --Vridning och vridningsinspanning vid 
Kommitte fir Buggnadsforskning. 1945. Meddelanden 


Cowan and | S. Armstrong: _Experiments ¢ on the ‘Strength of 


3. F. ‘Richart, ‘Brandtzaeg, and R. A of the ot 

rs concrete under combined compressive stresses. | University of Dlinois. 
_ Engineering Experiment Station Bulletin 1928, No. 185, PP. 104. 


BELA and BALAZS. —The author bas proposed 


application of Mohr’s failure theory to determine the rupture condition in the 
compression zone of reinforced concrete beams subjected to bending and es 7 
“shear, _ Although the application of Mohr’s fracture theory for concrete has Ps - P: 

2. Civ. Engr., Budapest, “Hungary. 
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on of the practice. ‘The between shear and compression 
4 in state of rupture according to Mohr’s theory can be expressed in the follow- 

another form of Eq. (14a) deduced by the author. Or by considering the results 
of Bresler and Pister which can be formulated with a good approximation as: 


on 


= deduced the idea of the “reduced stress” 2 as well, 


According to Mohr’s the value of the reduced 
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extreme values of the distribution in the ‘compression 


zone is shown in Fig. 1 
vcan be be expressed from Eq. (4) as follows: 


eli elimination of parameter ¥/Yo on one the Eq. 


Re marks 


‘es only by its degree of approximation but also by its universal validity. Using» P 
; other stress distribution theories like those of Westergard (square shape) Ps 
_ shear stress in the compression zone by rupture is impossible and the eas 
sumption o of diagonal cracks (Sachnowski) does not give any results for the - - 

failure Shear. It is more adequate the failure shear from 4 


©. >. 
Be 


Qmax 
which of vis is vor by Eq. (1) the substitution 


shear below the neutral plane is not a question of 
_ cracks (i.e. the elastic shear theory in the II. state of stress) but it depends 
~ only on the connection between steel and concrete; when slip is impossible the 
shear stress distribution extends to the reinforcement (See: G. Kani —_— _d 
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ON THE 1E SOLUTION ¢ OF RIGID FRAMES ON THE THE ‘COLUMN ar 


Discussion by John Sherman 


\ eal SH ERMAN, 1 M. ASCE.—The authors proof of the | column analogy 
consists of demonstrating that the column analogy satisfies the conditions as- 
“sumed for | the redundancy of the frame. - It does not show the physical meaning A. 
of the column —- for the unsymmetrical case, and is ‘unnecessarily ~~ 


‘Mueller- Breslau for the analysis of fixed arches, and can, therefore be 7 
ly developed from this method. _ Molitor? states that Mueller-Breslaue, and v 
others, used a cantilever, a pair of cantilevers and a simple beam for the 
basic determinate structure. These three types are shown in Fig. 1, the re- 
-dundants being applied at some arbitrary point 0 and connected to the cut 
“portion of the frame by a rigid ; arm. The conception n of the rigid arm is not 


in column analogy, and the type basic is 


The Mueller- consists a ‘the simplication oft the following 


. a Vs 


wo rk equation. 


xe 


X, = 1 applied one at a time to the basic determinate de- 
flections bearing 1g single letter subscripts are due to the external loading ap- 
plied to the basic determinate structure, and act at the point of application an 
cl the direction of the redundant bearing the same lettered subscript. » {a 
‘The deflections bearing | double letter subscripts are due to, and act we the 


point of application and in the direction of, me reduntant subscripted with the > 


_ The deflections bearing subscripts with ‘different letters a are the component 
deflections of the redundant indicated by the first letter, and act at the point a 


letter. law states that 


a. Proc. Paper 1914, January, 1959, by D. -Y. Fok and Tung Au. | 


Bt . Engr. American Bridge Div. U. S. Steel; retired, Roanoke, Va. 
2. Kinetic of Structures. 
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sTé DISCUSSION 


bch 
Assuming a any location for * point 0 and denoting the sum of the lengths of the 
— of the frame ond — by: Wo, 


Eq. is equal to ‘the total moment area of the frame for X, =1. Eqs. 
i. (3b) and(2c) are the statical moment of this moment area about the Y and X 
= axes respectively becoming zero when point 0 is located at the center of - 
: gravity of w,s. Point 0 will satisfy this condition when located at distances . 
F: x" and y" from the Y and X axes int passing ——— the assumed 


The values of the deflections to X, and Xp are to agree with 

the final location of point 0 and the component deflection eliminated by taking J : 


fan B= Sa 


ody 
H tar 


a 
—— 
a 
J 
— 
; 
inched Ap, the value o 
+i from which the vertical s 


-— 


a 


The foregoing is a brief of the -Breslau from 
. a which the column analogy differs only in its notation and that Xa is inclined >. 


sf ‘so as not to produce | any horizontal movement. In the above ne the 


that X, makes with vertical is denoted by 


of 


pcg be’ ‘the present H and Vas ‘the redundants then for the deflections — 


e to H and V equal one the following values and analogies exist pe eens 


xt 
Tr... 


a In which A is the area of the analogous column section which has the he same > 4 


| = as the frame and a width —, ly and Iy are the moments of inertia a 
A the and X axes respectively, a and Ixy is the ‘product of inertia of 
4 Denoting the moment area due to the loading o on the basic determinate 7 Ba. 
_ structure by P and the distances of the centroid of P from the Y and X axes by 
7 ; Xp and yo respectively, the deflections due to the loading have the following Poa 


is 


Noting that the e component én to Xc are zero the values of 


and V can be determined by the simultaneous solution of Eqs. (la) and (1b) and. 4 


expressed in terms of the above analogies. This while correct ob- 


_ In Fig. 2, which is an enlarged picture of point 0 Ixy is taken as as positive i | 


‘The values of I, and I, are positive, therefore the tangents of angles A and B 
te positive and X, an Xb act in the direction shown. When Ixy is negative - 


Recalling that the direction of the deflection is normal to the moment arm 
of the e moment area, then H and V can be calculated by measuring the ab- 
Scissas x and horizontally and from the inclined axes, where 


the direction of X, — Xp is shown by the dashlines. poner q 
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bioseu ast 


at of at 
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rye Ixy) ds = Ly “Ley 
axisis 


and the value of of Ix taken a about the Y' 


‘The statical moments My ana Mic onan taken about the X' a 


axes es are 


= ‘Thus the column analogy has been developed by taking the basic determi-_ 
structure as consideration be becoming necessary in the 
evaluation of Eqs. (15) and (16 

The type of basic determinate structure to 

Thus for loads lateral to the 

roof members the ‘simple beam shown in Fig. 1c, for loads applied laterally — > 
+ a column the cantilever shown in Fig. la, and couples applied to the columns 

two cantilevers | shown in ‘Fig. will give the ‘simplest r moment diagrams. ‘ 


both ends a are > hinged tt the basic determinate structure simple ie! 


— base 
Sl 
ar 
j s of the forces applied at point 
| 
| 
COU ad O Cc, a © Cnoice Lhe a 
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‘When the supports are at different for the two hinged frames the 
authors equation Eq. (21) which is based on rotating the x and y axes results _ . 
u in the redundant force being applied in the direction of the li line © connecting a 
base of the columns. ‘It is much simpler to take the line connecting the column 
_ bases as the X axis and measure y' vertically from this inclined axis and ob- 


bok The general method as described can be applied to a truss and beam com 


nation by ati the elastic loads for the truss members. 


‘the pro 
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7 DAVID DARIO BRILLEMBOURG ; BRAVO,! M. ASCE. E.—The s solution to ; 
the problem of the grid of orthogonal members in flexure as been obtained - i 
» directly in terms of the loads and moments acting on the structure by _ 
‘Professor | Anatole Zagustin of the Universidad Central de Venezuela. ee M 
_ If we consider the group of eight joints around a central point 0 of a ee’ a 
i we assume that the loads act at the joints only, , the moment diagram for 
each beam in the grid is lineal between joints, and we can establish the follow- ; 
ing relationship between deflections and moments by applying the Three 
Wa- Wat W, = M 3x Mux) 
where h is the grid spacing and D the relative inertia of each ‘span. We desig- : 
nate the left hand side of this equation as the curvature of the horizontal beam: 


A2x We at the joint 2, and from the right side we see that it is a function of _ 
| the bending moments on the horizontal beam. We can also form a similar nll fr 
pression for the curvature of the vertical beams and those will depend on the a 
moments on the vertical beams only. In total with a eens set of nine joints, 


¢ 
from which we can obtain 


sal Proc. Paper 1940, February, 1 195 
Partner Guinand a and d Brillembourg, C.A., ‘Caracas- -Venezuela. 
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Discussions by David Dario Brillembourg Bravo and R. Schjddt | 
. Corrections by John A. Sbarounis and Michael P.Gaus 
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‘This expression Dr. Zagustin calls the Com atibility E uation —which ex- 
_ pressed in words reads: : The second difference in the ' vertical sense of the — i 
ae curvature of the horizontal beams is equal to the second difference in the hori- 
_ zontal sense of the curvature of the vertical beams. The lett hand of this ex- 


contains only moments on the beams, and the right side 


>= 


= aa ‘The compatibility equation can be ; applied at the interior points s of the ame 
only and if expressed in terms of the unknown forces of interaction between - 
beams at a joint, will lead to a set of equations equal to the number of dis- : 


_ ‘similar interior ponts and having the same number of unknown interaction — 


has 


= Kya, = AA,  § 
coef 
equa 
whic 
> 
tension to a plan of the Three Moments Equation. We can point out that itis 5 ¥ 
» 
mon 
part: 
a ast 
whic 


; s presented, we would obtain six aii for the equivalent — 
or fortyfive for the original all expressed in term of the inter- 
- Wecan also evaluate very easily the effect of a change in design on the > 
coefficients of the unknowns, through the changes in curvature of the beams. Pe 
When the number of interior points is too great for direct solving of the _ - 
- equations, a procedure of successive approximations has been deseribed, 
which co1 eliminates the for equations. (1) 


Zagustin, Teoria y Calculo del “Entrepiso Reticular. ‘Editorial Arte. 


od ‘SCHJODT, 1M. ASCE. —This analysis is an interesting and useful one. _ 
e nature of the structure, which makes it possible to ignore the torsional aa 
moments, and the check on the results made possiie by the two methods pre- 
sented, combine to make the paper very instructive. | 
= The results of the two methods check adequately for members located at 
some distance from the supports and edges. For members close to these, 4 
_ however, , the differences are more than 40% at most points, and even a 


81% at one -—. This is « of n no ) practical importance for the design in this 


a; But this result is, of c course, ‘most unsatisfactory as far as the | general : 
| alia of the methods is concerned, and it serves as an excellent illus- 
tration of an error which is frequently made when difference equations are a 

= for the solution of physical problems. ‘The authors cannot be criticized, a 
as the point to be made here lies in the evolution of the difference equations, 
_ which the authors take as their starting point. 


as used ii in Eq. (11) can be considered. When going from this differential 
equation to the corr esponding difference equation, one writes 


with the notations used by the authors. If, however, the as conditio 


for the section 4-0-2 are written, one finds: : 


1. Te chnician, Norwegian Research Inst. , Oslo- -Blendern, 
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he 
if hg = ho and pq = Po, then (C) = (B). 
- Now the point is that it is easy to proceed from Eq. (C) t to (a), but impossi- 
: ble from (A) to (C). The left side of Eq. (C) may be arrived at from (A), but — 
~ not the right side. In other words, in order to arrive at correct difference , : 
_ equations, it is necessary to start with the equilibrium conditions for the A a 


problem, Writing the differential equation as a difference equation v will 


, the cross is assumed to be 

a - constant, as can easily be shown. ~ the further work with (9), EJ is taken as s 
variable, but with Eq. (D) as point of departure. | 
—- will be understood from the above, the author’s Eqs. (9) and (10) give 
_ correct difference equations for nets symmetrical about the point 0, but not 


cases as for instance those shown in Fig. 10 and 12. “er 


— 


_ The difference equations for the truss system in question are perhaps most 
easily found by writing the deflections as second degree moments (the bending» 
3 prc divided by EJ, is considered as loading for calculating the second de- 


h,+h, Ce Re 7 Ww, p,c 
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to condith be made when the distances are finite. 
in nstant, and inorder to arrive at 
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Ri is the reaction from the truss in the x-direction, crossing sat the point 


‘Zero, R = 0 gives an isolated truss in the x-direction. , With R=0, hy =h, 

Pa = = pand Jy = J, the equations above give 


the difference equation for deflection of a one way truss with constant deitinn” 


® and section. (Note that p is now written as concentrated load at the section 


‘The truss in the Y-direction naturally has the reaction - R in the | point 0; o. 
apart from this the equations are the same as for the points 2, 4, 6, 8 with the | 
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necessary y change of numbering. If one therefore finds R ihe four 
equations above, and puts it ‘equal | to the negative value of ‘the § same solution | 


. This solution is usually easily carried out, especially when : 
= J. In this case, Qm and Q, for instance are at once elimi- 
the equations for the points 2 and 4, 
= h and pp = p, these equations give the authors Eq. (12). For the 
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equal to p = 1, for simplicity. icity, 


‘With this modification of the equations, the Alsagreements between the results 
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